View-Based Models

Goal: Explore ways to model the image appearance of objects under
a wide range of viewing conditions.

Motivation:

A central question in vision concerns how we represent objects. One
simple approach is to let images themselves be the representation.

e We consider the construction of low-dimensional bases for an en-
semble of training images of the object(s) in question using prin-
cipal components analysis (PCA).

e We introduce PCA, its derivation, its properties, and some of its
USEs.

e We also briefly discuss some variants on the idea, including linear
discriminant analysis.

Readings: Sections 22.1-22.3 of Forsyth and Ponce.
Matlab Tutorials: trainEigenEyes.m and detectEigenEyes.m
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Template Matching — Straw Man

What if we just stored all images (templates) of the object(s) in each
characteristic view available (the simplest possible view-based model).

For detection we could compute a matching score based on cross-
correlation of each template with every image neighbourhood.
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Problems:

e cross-correlation and related detectors are very sensitive to small

variations in object pose, lighting, occlusions, and small varia-
tions in object shape and appearance.

e we’d certainly need an extremely large training set of images.

e storage and computation costs become unreasonable as the num-
ber of objects and views increases.

Question: How can we find a more efficient representation for the
ensemble of views, and more effectve methods for matching?
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Subspace Appearance Models

Idea: Images are not random, especially those of an object, or similar
objects, under different viewing conditions.

Rather, than storing every image, we might try to represent the images
more effectively, e.g., in a lower dimensional subspace.

For example, let’s represent each N x N image as a point in an N2-
dim vector space (e.g., ordering the pixels lexicographically to form
the vectors).

A

(red points denote images, blue vectors denote image differences)

How do we find a low-dimensional basis to accurately model (approx-
imate) each image of the training ensemble (as a linear combination
of basis images)?
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Linear Subspace Models

We seek a linear basis with which each image in the ensemble is ap-
proximated as a linear combination of basis images b (X)

K
I®) ~ Y abi(®) (1)
k=1
The subspace coefficients a=(ay, ..., ax) comprise the representaion.

With some abuse of notation, assuming basis images by (X) with N?
pixels, let’s define

b — an N2x 1 vector with pixels arranged in lexicographic order
B — amatrix with columns by, i.e., B = [by,...,bg] € RN *K

With this notation we can rewrite Eq. (1) in matrix algebra as

—

I ~ Ba (2)
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Choosing The Basis
Orthogonality: Let’s assume orthonormal basis functions,

S - T -
| brll =1, b, by = 0;; .

Subspace Coefficients: It follows from the linear model in Eqg. (2)
and the orthogonality of the basis functions that

N

- T - T
kamkaa:bk[

bl, ceey bK] a = ai

This selection of coefficients, & = B”T, minimizes the sum of squared
errors (or sum of squared pixel differences, SSD):

min || T—B& |2
acRK

Basis Images: In order to select the basis functions {Bk}le , Sup-
pose we have a training set of images

Iy, . with L>K

(Let’s also assume the images are mean zero. If the mean is nonzero,
. 1 g _ .
subtract the mean image, + >, I;, from each training image.)

Finally, let’s select the basis, {b;}X_,, to minimize squared recon-
struction error:

L
> min | T, - B& |3
=1 4
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Intuitions

Example: let’s consider a set of images {fl }- |, each with only two
pixels. So, each image can be viewed as a 2D point, I, € R2.

—

us

For a model with only one basis image, what should b, be?

Approach: Fit an ellipse to the distribution of the image data, and
choose 131 to be a unit vector in the direction of the major axis.

Define the ellipse as X' C'~'X = 1, where C'is the sample covariance
matrix of the image data,

1 - T
C=- > LT
=1
The eigenvectors of C provide the major axis, i.e.,
CU =UD

for orthogonal matrix U = [, U], and diagonal matrix D with el-
ements d; > dy > 0. The direction u; associated with the largest
eigenvalue is the direction of the major axis, so let 151 = Uj.
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Principal Components Analysis
Theorem: (Minimum reconstruction error) The orthogonal basis B,
of rank K < N2, that minimizes the squared reconstruction error over
training data, {I,}-,, i.e.,
L
> min | T - Ba& [
a

=1

IS given by the first K eigenvectors of the data covariance matrix

L
1 > 5T N2y V2 )
C:Z ;_1 LI, ¢ R , forwhich CU = UD

where U=y, ..., Uyz2] is orthogonal, and D =diag(d;, ..., dy2) com-
prises the eigenvalues of C, with d; >dy> ... >dye.

That is, the optimal basis vectors are Bk =uy, fork = 1...K. The cor-
responding basis images {b;(X)}%_, are often called eigen-images.

Proof: see the derivation below.
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Derivation of PCA

To begin, we want to find B in order to minimize squared error in subspace approximations to the
images of the training ensemble.

L
E = ijn T, - Ba& |}
-1

Given the assumption that the columns of B are orthonormal, the optimal coefficients are &, = B"T,
SO

L
E =Y mn|L-B&[} = | L-BB"T| 3)
=1
Furthermore, writing the each training image as a column in a matrix A = [fl, - fL] , We have
L
E= ) [L-BB'TL|} = |A-BB"A|} = trace[AA"] - trace[B"AA"B]
=1

You get this last step by expanding the square and noting BTB = I, and using the properties of
trace, e.g., trace[A] = trace[A™], and also trace[BY AATB] = trace[ATBBTA] .
So the minmize the average squared error in the approximation we want to find B to maximize

E' = trace | BTAA'B] 4
Now, let’s use the fact that for the data covariance, C we have C = LA A”. Moreover, as defined
above the SVD of C can be written as C = UD U”. So, let’s substitute the SVD into E:
E' = trace[BTUDU'B] (5)
where of course U is orthogonal, and D is diagonal.

Now we just have to show that we want to choose B such that the trace strips off the first K elements
of D to maximize E'. Intuitively, note that BT U must be rank K since B is rank K. And note that
the diagonal elements of D are ordered. Also the trace is invariant under matrix rotation. So, the
highest rank K trace we can hope to get is by choosing B so that, when combined with U we keep
the first K columns of D. That is, the columns of B should be the first K orthonormal rows of U.
We need to make this a little more rigorous, but that’s it for now...
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Other Properties of PCA

Maximum Variance: The K-D subspace approximation captures
the greatest possible variance in the training data.

~T o o . :
e Fora; = b, I, the direction b, that maximizes the variance E[a?] =
- T - ) ST - ] . .
b; Cby, subjectto b, by = 1, is the first eigenvector of C.
. . =7 — R ST - T -
e The second maximizes b, Cb, subjectto b, b, =1 and b, b, =0.
~ T . .
e Fora;, = b, I, and a8 = (ay,...,ax), the subspace coefficient
covariance is E[da’] = diag(ds, ..., dx). That is, the diagonal
entries of D are marginal variances of the subspace coefficients:

o; = Ela}] = dy.

The total variance captured in the subspace is 31, o2.
e Total variance lost owing to the subspace projection (i.e., the out-
of-subspace variance) is the sum of the last N? — K eigenvalues:

L

N2
1 . - -
7 > [m}ﬂ |L-Bg H%] = > o

aj
=1 k=K+1

Decorrelated Coefficients: Since E[Za’] is diagonal, the subspace
coefficients are uncorrelated. If the images are drawn from a Gaussian
density, then the coefficients are also statistically independent.
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PCA and Singular Value Decomposition
The singular value decomposition of the data matrix A,
A= [fl, ...,fL] A c R whereusually L < N?.

IS given by

A=USsVv?!
where U € RV*L S ¢ REXL | V € REXL  The columns of U and
V are orthonormal, i.e., U'U =1,,; and V'V = 1I,..;, and matrix
S is diagonal, S = diag(sy, ..., sp) where s; > s9 > ... > sp > 0.

Theorem: The best rank- K approximation to A under the Frobenius
norm, A, is given by

K N?
Z sy, = BBTA, where min ||A—A|3% = Z St
1 rank(A)=K h—K+1

and B = [dy, ..., Uk]. A is also the best rank-K approximation under
the L, matrix norm.

What’s the relation to PCA and the covariance of the training images?

1 1
ZIZIZ — —AAT — ZUSVTVSTUT — ZUS2UT

So the squared singular values of A are proportional to the first L

eigenvalues of C:

P %52 fork=1,...,L
k pr—
0 fork > L

And the singular vectors of A are just the first L eigenvectors of C.
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Eigen-lmages for Generic Images?

Fourier components are eigenfunctions of generic image ensembles.

Why? Covariance matrices for stationary processes are Toeplitz.
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PCA vyields unique eigen-images up to rotations of invariant sub-
spaces (e.g., Fourier components with the same marginal variance).
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Eye Subspace Model

Subset of 1196 eye images (25 x 20):
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Variance captured:

dQ(k): Variance Fraction Explained by one s.v. Variance Fraction Explained by Subspace

0.1r

Fraction of Variance, dQ
Fraction of Variance

=
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T

0 5 10 15 20 0 5 10 15 20
Singular value index, k Singular value index

Left plot shows the marginal variance for each principal direction,
divided by the total variance in the training data, as a function of the
singular value index k.

Right plot shows the fraction of the total variance captured by the

subspace B, as a function of the subspace dimension K.
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Eye Subspace Model

Mean Eye:

Basis Images (1—6, and 10:5:35):

p—
-

Reconstructions (for K = 5, 20, 50):

Eye Image Reconstruction Reconstruction Reconstruction
(K=5) (K =20) (K=50)

Eye Image Reconstruction Reconstruction Reconstruction
(K=5) (K =20) (K =50)
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Generative Eye Model

Generative model, M, for random eye images:

K

I =1+ (Zakbk> + &€

k=1
where m is the mean eye image, a; ~ N (0, 0}), o3 is the sample vari-
ance associated with the & principal direction in the training data,
and € ~ N(0,07Iy2) where 07 = chvjml oi is the per pixel
out-of-subspace variance.

Random Eye Images:

-l
i’

Random draws from generative model (with K =5, 10, 20, 50, 100, 200)

So the likelihood of an image of an eye given this model M is

pd|M) = (Hp(aklM)> p(€| M)

where
1 _ﬁ N2 1 e?
ap|M) = e Tk | g M) = e 207
plalM) = = P M) Emae
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Eye Detection

The log likelihood of the model is given by

LM) = logp(I|M) = <Zlogp<ak|/\/l)> + logp(€| M)

k=1
K 9 N2 P

_ —a; 6

— <Z T‘/%) + (Z 202) + const
k=1 j=1

= Sin(A) + Sout(€) + const

Detector:

1. Given an image I

2. Compute the subspace coefficients & = BY(I — m)

3. Compute residual € = I-m- B3

4. For S(a,€) = S;,(a) + S,u:(€), and a given threshold 7, the

image patch is classified as an eye when

S(a,e) > .
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Terminology:

Eye Detection

e true positive = hit

e true negative = correct rejection

e false positive = false alarm (type | error)

e false negative = miss (type Il error)

classified positives

classified negatives

true examples

true positives, Tjs

false negatives, Fj,,

Npos - Tpos + Fneg

false examples

false positives, Fj,s

true negatives, 7},

Nneg - Fpos + Tneg

Cpos

Cneg

N

Definitions:

e true positive (hit) rate: py, = Tpos/Npos  (SENSItiVity)
(i.e., what fraction of the true eyes do we find?)

e true negative (reject) rate: py, = Theg/Nney (SPecificity)

o false positive rate: ps, = Fps/Npeg = 1—pin, (1 - specificity)

e precision: Tp,s/Chos
(i.e., what fraction of positive response are correct hits? ...
I.e., how noisy is the detector?)

o recall: py, = Tpos/Npos
(i.e., what fraction of the true eyes do we actually find?)
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Eye Detection

ROC Curves:

e true detection rate (sensitivity) vs false positive rate (1-specificity)
e trade-off (as a function of decision threshold 7) between sensitiv-
ity (hit rate) and specificity (responding only to positive cases)

ROC
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0.94r-

0.92r

True Detection Rate
o
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0.84 —— nBasis = 20
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0.82 / [ —— nBasis =100
/ —— nBasis =200
08 I/ | | T J
0 0.05 0.1 0.15 0.2

False Positive Rate

Here the eye images in the test set were different from the those in the
training set. Non-eyes were drawn at random from images.

Precision-Recall Curves:

e precision vs true detection rate (sensitivity)

e better whan ROC when the N,., > N,,,, S0 even a low false
positive rate can yield many more false alarms than hits.

e that’s why precision divides true hits by total number of hits
rather than total number of positives.
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Face Detection

The wide-spread use of PCA for object recognition began with the
work Turk and Pentland (1991) for face detection and recognition.

Shown below is the model learned from a collection of frontal faces,
normalized for contrast, scale, and orientation, with the backgrounds
removed prior to PCA.

Here are the mean image (upper-left) and the first 15 eigen-images.
The first three show strong variations caused by illumination. The
next few appear to correspond to the occurrence of certain features
(hair, hairline, beard, clothing, etc).
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Face Detection/Recognition

— s Multiscale ] Feature
Head Search Search

s GO e () “’E

Moghaddam, Jebara and Pentland (2000): Subspace methods are
used for head detection and then feature detection to normalize (warp)

the facial region of the image.

Recognition: Are these two images (test and target) the same?

Approach 1: Single Image Subspace Recognition:

Project test and target faces onto the face subspace, and look at dis-
tance within the subspace.

Approach 2: Intra/Extra-Personal Subspace Recognition:

¢ An intra-personal subspace is learned from difference images of
the same persion under variation in lighting and expression.

e The extra-personal subspace learned from difference between im-
ages of different people under similar conditions.
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Face Recognition

Example facial pairs for training and testing.

ReeEEee R
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Face Recognition

Single image model Difference image model

d_H

[ la)™ J [P(Q[M) tﬂ

¢ P(A|€Q) mL

MAP Recognition: What is the probability that the difference be-
tween two faces is intra- versus extra-personal?

p(A]Qr) p(Qr)
(A Q) p(Qr) + p(A|QE) p(QE)

p(QI|A):p
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Object Recognition

Murase and Nayar (1995)
e images of multiple objects, taken from different positions on the

viewsphere
e each object occupies a manifold in the subspace (as a function of

position on the viewsphere)
e recognition: nearest neighbour assuming dense sampling of ob-

ject pose variations in the training set.
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Object Recognition
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Object Recognition

T T v T v T v T T v
300
25
%
= 2
S0
A ——
i} 2 4 i B 0 12 14 1w I8

Absolute Pose Error (Deg.)

100 =

100 = — a
= | Y
— o |
g —
- #
2 ?
= 90 - = o0
= o v
- =
= = 1
= =
St 80 I
o
o> ~
I 3 |
&
70 :
.| T .‘I 5; T .| 70 T T T T T T T T T 1
4 ‘ g y . 19 12 0 20 40 60 80 100
Dimensions of Parametric Eigenspace Pobsi mesd for Laaralis
. P g
n 600 =
1000 1
y 500
- 800 4 i
Y
= 4 . @ 400 = y -
sz 90 Poses for Learning g I8 Poses for Learning
= 000 4 = -, 4
: ] E 100
:t —
<
= 400 4 z
& 200
200 4 100
{ T T T T T T T r T Y T T T Y Y J v
.8 8 7 g 8-TB-5-4-3-2-10 1234567859 «x

Pose Errvor (degrees)

2503: View-Based Models Page: 24



Linear Discriminant Analysis (LDA)

PCA was originally optimized for good reconstruction, for maximizing variance and decorrelating
subspace coefficients, but not for classification.

Linear Discriminant Analysis:. (e.g., see [Belhumeur et al, 1997])
Instead of PCA (whose basis directions are chosen to maximize variance), here we choose directions
that simultaneously maximize inter-class variation, and minimize intra-class variance.

Given C classes, with means p, and N, training examples for class ¢, find a basis B = [Bl, ey 5K]
that maximizes

BTC,B

B”C,B

where

C N

Ca = ZZ(ﬁc,j — te) (Pej — MC)T

c=1 j=1

C'b = ZNc(ﬂ - Nc)(ﬂ - /’LC)T

and the means are given by . = 5~ >, Be; and i = § S e
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